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SECTION 1 

INTRODUCTION 

Since Us Introduction In April 1973, the FACT Model^ has proven 

to be a useful tool  for predicting and analyzing long-range low-frequency 

propagation in range-independent environments.    The original development 

emphasized the incorporation of diffraction and surface-image effects in a 

fully automated, highly efficient model.    For short-range high-frequency 

surface-ducted propagation, Clay augmented the ray model by an approximate 

surface-duct model already in use in FACT'S predecessor, RP70^    .   While the 

Clay Model was recognized to have certain deficiencies, an efficient alterna- 

tive was not available.    This report documents such an alternative which is 

proposed for incorporation in FACT. 

1.1 BACKGROUND 

The Clay Model  underwent a series of reviews (e.g., Labianca    '), 

and was considered in a comparison by Morris of several models with data from 

the Surface Duct Sona«" (SUDS) experiments^  '.    Labianca's analysis showed that 

the model had an oversimplified depth dependence and the wrong dependence of 

leakage on environmental  parameters.    The leakage error resulted from as- 

signing leakage losses to partial reflection from the gradient discontinuity 

at the bottom of the duct rather than to the correct quantum-mechanical 

"tunneling" phenomenon.    The depth dependence was characterized by a single 

10-dB drop in level from that in the duct If one of either the source or 

receiver were moved below the duct ("cross-layer").    In a number of cases the 

lack of environmental  sensitivity proved critical. 
(S) 

Morris* comparisons showed that the Clay Model, AM0Sv ' and the 

Bucker surface-duct model    ' were In fair agreement In a number of 

cases with none particularly better than the others.    Since both the Clay 

Model and AMOS were largely based on experimental data this result was not 

altogether surprising.    The data set was not a severe test of environmental 

sensitivity and was apparently contaminated by a range dependence In the 

sound-speed profile that none of the models were developed to Include. 

Bucker's model clearly had the strongest theoretical basis, however it was 
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much longer running than the others and based on the comparisons a change 

was not Justified. 

In the period following these Initial evaluations» considerable 

progress was made In understanding the basic mechanisms of surface ducted 

propagation, largely as a result of Lablanca's* ' work on virtual modes. 
(8) 

Subsequently, Spoffordx  ' Identified Lablanca's asymptotic expressions for 

deeply trapped virtual modes with mode bundle ray-equivalents ("smodes") 

and was able to Incorporate rough surface scattering effects.   A prototype 

surface duct propagation code was developed by Spofford, using the stnode 

techniques.   While showing Improvement over the Clay Model, Spofford's model 

displayed poor performance for some propagatlve scenarios. 

1.2 MODEL REQUIREMENTS 

As FACT saw more and more use, dissatisfaction with the Clay Model 

Increased, and LRAPP authorized the development of a better model subject to 

the following constraints: 

1. Increased accuracy for a wide range of environmental 
parameters; 

2. continuity of transmission-loss In depth (Including 
acoustic reciprocity); 

3. range-smoothed transmission-loss of the approximate 
form   A ♦ BLogR + aR; and 

4. sufficient speed to have a minimal Impact on overall 
FACT running time (presently about 4 CPU seconds per 
100 nml). 

SAI has developed such a model as reported herein. 

1.3 TECHNICAL SUMMARY 

The approach used In the new model Is a further refinement and 

extension of Lablanca's virtual mode results to include modes near cutoff 

as well as leaky modes.    This permits Intensity calculations in ducts below 

cutoff and/or at short ranges where the leaky modes make Important contri- 

butions.   The WKB work of Spofford was extended to the rough surface losses. 

A brief description of the model theory Is provided here, with detailed 

discussions postponed till Section 2. 
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The surface duct model Is designed to compute the relative Inco- 

herent Intensity level from a point source In a canonical bilinear duct. 

Lablanca's formulation of the complex pressure field as a Hankel transform 

over the continuum el genspectrum is the theoretical starting point.   An 

approximate, yet highly accurate, evaluation of the transform results In 

the relative Incoherent intensity   I   being given as a finite sun of virtual 

modes 

^FE.'VI.(VW 
m 

where r is the range and 2 (zj is the source (receiver) depth. The I s   r m 
are modal  intensity amplitudes and the   a.   are modal  attenuation coefficients. m 
Individual  terms in the sum arise from resonances in the kernel of the Hankel 

transform due to the proximity of Regge poles in the complex energy plane. 

The resonances in the transform occur at locations along the real energy axis 

corresponding to the real  part of the Regge pole    E . 

The intensity amplitudes    I     are related to normalized depth 

functions and are expressible in terms of Airy functions.    Efficient ex- 

pansions for the Airy functions provide a rapid means for evaluation of the 

virtual mode sum, while preserving numerical accuracy.    For the deeply 

trapped modes, Lablanca's results are obtained as limiting cases. 

The modal attenuation coefficient   a     incorporates volume, surface 

and diffractive losses.    Volume losses are obtained from standard absorption 

loss formulas presently included in FACT.    The diffractive portion of   a 

is obtained from the imaginary component of the Regge pole and physically 

arises from leakage of acoustic energy into the region below the duct.   The 

surface loss portion of   a     is computed by using conservation of energy applied 

to the virtual modes' ray-equivalent reflecting from the rough ocean surface. 

Each Interaction of the ray-equivalent with the surface yields an effective 
reflection loss which is then accumulated continuously over the ray's cycle 

distance.    The rough surface reflection losses are computed in a separate 

module as a function of the ray's surface grazing angle, sea state and 

frequency. 
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The virtual mode model was compared to a series of benchmarks 

generated using both the parabolic-equation (PE) code^    ' and the NOSC n- 

layer normal mode (NH) codev    ' for a representative surface duct.    The 

model shows excellent agreement with both PE and NM calculations.    Details 

of the comparisons are described In Section 3. 
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SECTION 2 

TECHNICAL APPROACH 

This section describes the theoretical basis for a new surface duct 

model proposed for use In FACT.    The model  Is.an extension of previous work 

by Lablanca on virtual mode representations and by Spofford on ray-mode 

equivalents.    The model is designed to compute the Incoherent acoustic Intensity 
from a point source In a range Independent ocean surface duct as a function of 

source/receiver geometry.    The ocean surface duct Is approximated by a canonical 
(9) bilinear model  first analyzed by Furryx  ' In connection with the transmission 

of electromagnetic waves In the atmosphere. 

2.1 FURRY MODEL 

Furry's model approximates the square of the refractive Index   n 
with the bilinear form[F1g. (2.1)] 

2/  *     I"    , / x12     , « u^^i.'- 
) 

n2(z) ' [c0/c(2)j2 « 1 - g.z     .     0<z<d 

1 - g_d ♦ g+(z-d) .     z>.d cuu.  f-*^ 

where   d   Is the depth of the surface duct,   g_(g+)   Is the gradient within 
(below) the duct,   c     is the surface sound speed, and   c(z)    is the depth 
dependent sound speed.   The Furry model has been employed by a number of 
authors In the context of ocean acoustics, with the conventional Fourler- 
Bessel or longitudinal wavenumber (x) representation being used by Marsh/ 
Hall      ' and Pedersen and Gordon,     ' while the transverse wavenumber (K) 

representation was employed by Lablanca.    '   The latter Is used In this report. 

2.2 VIRTUAL MODE SOLUTION 

In polar cylindrical coordinates, the complex pressure field   P 
from a unit strength monopole source satisfies the Helmholtz equation 

[Mr r i + J + ^2(0] P(r.2r.i$) - ^ «(r)6(zr.zs)      . 
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A harmonic time dependence,   exp(-lut)  , Is suppressed with   a»   the angular 

frequency and   k   » u/c0.   The source Is located at   7"» (o,zs), the receiver 

at   T* (r,z )    and   P   Is to satisfy a pressure release boundary condition 

(P>0} at the surface and a radiation condition at deep depths. 

Employing standard separation of variables techniques« the pressure 

Is represented by the convolution 

P^'zr'2s) " ii/i1* [r^o " KZ)H]  9(<2.zr.2s)dK
2 (2.1) 

where the depth Green's function   g   satisfies 

1 2 + k* (n2 - 1) + K2 

ßz        0 
2 + k^ (n' - 1) + KC | g - - 6(zr. 2S) 

2        2        2 
with   K   the transverse wavenumber (k   ■ A   ♦ K ). 

The depth Green's function Is expanded In a complete set of ortho- 

normal elgenfunctlons   ♦   of the homogeneous equation 

r 2 "I 
-2 +k2 (n2- 1) +K

2    ♦•0      . (2.2) 
[to 0 J 

subject to the pressure release boundary condition.    For the Furry model the 

elgenfunctlons   f   form a continuous spectrum and the Integral in Eq. (2.1) 

becomes 

2 
K p(r'VV 'h   /"i1* [r(ko ■ *Z)H] ♦(zr.'

c2)*^s^2)d 

Analytic solutions for the elgenfunctlons are readily obtained 

by Introducing a natural unit of length, H ■ (gA.)"^ * whereby Eq. (2.2) 

becomes 

FH2 1 4- ♦ E - Q(x) [♦(x.E) • 0      . (2.3) 
la* J 
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The new Independent variable Is    x « (z - d)/H , and the "energy"   E   and 
"potential"   Q   are 

and 

E « HV - s3D     , 

3 
Q(x) « s x     ,     x<0 

« - x     ,     x> 0 

3 
with   s    ■ g_/g+   and   D ■ d/H.    Solutions of Eq. (2.3) may be expressed In 
terms of the Airy functions.   Within the duct, 

♦(x.E) - f [A1(-q)B1(-q0) - A1(-qo)B1(-q)] , x<0 (2.4a) 

2 
with q * w + sD, q * w - sx and w - E/s , and below the duct 

♦(x,E) • J [T+(E)h1(p) + T_(E)h2(p)] . x>0 (2.4b) 

with    p ■ E + x.    The   h   functions are 

hjfp) • A1(-p) - 1 B1(-p) 

and 

h2(p) - A1(-p) + 1 B1(-p)      . 

Continuity of   $   and   d^/dx   at the duct bottom fixes the   T   coefficients, 
leading to 

T+(E) -   - 1iiH[*'(o.E)h2(E) - ♦(o.E^jU)]     , (2.5a) 

and 

T_(E) -    I»11 [♦'(o,E)h1(E) - ♦(o.E)h1'(E)] . f2.5b) 
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The pressure field Integral, Eq. (2.1), Is then given In terms cf 

the new variables   x,*   as'13' 

P^-V-Xs) • m I   Ho     Hko - K n     T>)T.(E)       dE      •      ™ 
\ 

I with    ic2 »  (E + s3D)/H2. 

The kernel of the Hankel transform In Eq. (2.6) has resonances 

along the real    E   axis from Regge poles In the lower half   E   plane.    The 

Regge poles are the complex roots of   T_(E ) ■ 0 , with the real part of 

Em   corresponding to the resonance position and the Imaginary part of   E 

proportional to the resonance width.   An approximate, yet highly accurate, 

evaluation of the Integral  In Eq. (2.6) Is obtained by evaluating the integrand 

In the region of the resonances.   The Incoherent Intensity, I ■ |P|    ,1s then 

given In the far field [rfk2 - K2)*5 » ll as(14) 

^E e     "'     ^ .s   ■", r (2.7) 
1^ - <ZJH 

^th J ' {I   + s3D)/H2 
m m 

■i, •2 ■" K - ^',] • 
Im(x) '  U^x.EJ/NJ 

and 

N    = H    /    /(x) dx   * . (2.8) m 

The   ib     have been termed virtual modes by Lablanca. m 
When the Imaginary part of   E     Is small  (low attenuation) the depth 

function   \j» (x)    Is contained or "trapped" within the duct.    The trapped modes 
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are capable of propagating acoustic energy to long ranges.   Conversely, modes 

with large Imaginary part are not localized In the duct and are termed "leaky". 

Trapped modes have   Er » Re(Em)   negative, and there are two zeroes 

(turning points) of   Er - Q(x)   denoted by   x^   and   x2 (Figure 2.2).   When 

x < Xj, or   x > x2 ttP <s oscillatory; when   xi < x < x2 % 1s exPonent^ •   The 

region between the turning points acts as a barrier, confining the depth function 

to the duct.    v»m has an Imaginary component that Is essentially zero until below 

the barrier (x > xj and then spirals about the origin of the complex plane In a 

counter-clockwise sense with Increasing magnitude as   x   Increases. 

Leaky modes have positive   E     and complex turning points.   *     Is 

oscillatory and complex everywhere with no enhancement In the duct.   While of 

lesser Importance at long ranges, the leaky modes may make significant contri- 

butions at short ranges and need to be Included In the residue series. 

A ray-equivalent nay be associated with   *     by defining a surface 

grazing angle    e_   through 
m ^■     •■ ■ . (.f.I:- 

sine», m [g+H(Er ♦ s3D)]|     . -    [ 5+*-^.CA] 

C(C'<X.I,\      c 

The trapped modes are thus seen to have ray-equivalents which turn within the 

duct, while the leaky modes correspond to ray-equivalents with large grazing 

angle. 

The major effort in using the virtual mode series Is In finding the 

Regge poles    E„.    The roots of   T (E) ■ 0   are generally obtained using 
n -   m ' (12) 

complicated numerical methods as was done by Pedersen and Gordon.      '   A 

different approach will now be discussed which provides accurate approximate 

expressions for the   E  , yet Is very efficient. 

2.3 TRAPPED MODES 

The Regge pole   lm   satisfies   T_(E ) • 0 , which upon using Eq. 

(2.5b) becomes the transcendental equation 
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Using $   from Eq. (2.4a), the above eigenvalue equation can be recast as 
(the mode subscript will be suppressed on E) 

A1(-qo) _ AH-w) - Z(E)A1(-w)s 
B1(-q0)  Br(-w) - Z(E)B1(-w)s ' • 

(2.9) 

with the effective "Impedance"    Z   of the duct bottom expressed as 

Z(E) « h1'(E)/h1(E) (2.10) 

and where    w * E/s     and   <L r w + sD. 

If phase Integral  (WKB) methods were used to solve for the trapped 

eigenvalues, the m-th mode quantization condition would be 

ll 

/ 

(E 
3 .H.       2   \ 

s x) dx = 3 q^ (m - h)* (2.11) 

where   x,    (complex) Is the upper turning point.      Since the Imaginary part of   E 

Is small  for the trapped modes, a good approximation for   x.    Is to assume It to 

be real.    This corresponds to   q     In Eq.  (2.11) being an approximate root of 

A1(-qJ ■ 0, and suggests a zeroth order approximation to   E   as    E~Eft ■ 
On 0 

(q* - sD)s     where   q*   Is a real zero of   Al.    Zeroes of   Al    lie along the 
0 0 (15) negative real axis and are tabulated In Abramowltz and Stegun/    ' 

Next, expand the left side of Eq.(2.9) around   q*   with   QQ " <lj + W 

and use the Wronsklan relation of the   Al    and   B1    to give 

Al 
IT ~ Aq ir Ar(-qJ)2 ♦ OUq2) 

Aq a0  . a0 •it Al'(-q*)2 

^ 

(2.12) 

Finally, expanding the right side of Eq. (2.9) around   E0   yields the 

linearized form 
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vq 
Z
oA1 

Bi ZoB1 

Vs 

Z
^o) (2.13) 

from which the perturbed eigenvalue is   E = E   + Aq s  .    This perturbation 

solution for   E, using   Aq    from Eq.  (2.13), is fast and direct unlike the 

complicated   iterative solution of the original equation (2.9).    Furthermore, 

since   E0   is real, the Airy functions have real arguments greatly simplifying 

numerical calculations. 

For well trapped modes (E   << 0), asymptotic expansion of the Airy 

functions gives 

a0Aq 
(UsVf , i c-dUs3) 
m-t0)h   4 (2.14) 

with    c • 4{-E0)^/3s3. 

The expression for   Aq    in Eq. (2.14) is based on large argument 

asymptotic expansions of   Ai    and   Bi.    Careful analysis of these expansions 

indicate that this form is not valid if   w,E^-3.5.    Instead, when    E 
3 ^ is not large and negative (or   s     not small), Z     is evaluated from Eq. 

(2.10) and   Aq   computed by direct methods from Eq.  (2.13).    Compared with the 

numerical calculations of Pedersen and Gordon, this procedure yields excellent 

agreement for the trapped modes ERe(E) < 0]. 

The perturbation expression for   Aq   [Eq. (2.13)] is only valid if 

q     is near a zero of   Ai.    Thus a "cutoff" condition is    sD > 2.338, the 

first zero of   Ai.    Ducts with smaller values of   sD   cannot support trapped 

modes.    Using the asymptotic formulas for zeroes of   Ai, an approximate 

expression for the number of trapped modes    N       is vm 

N     c* .25 + (SD^/I.STI      . vm 
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2.4 LEAKY MODES 

The leaky wave [Re(Em) > 0] Regge poles are difficult to calculate 

by solving for roots of   T_(E)   as was done for the trapped modes.   The Imagi- 

nary part of the pole Is comparable to the real part and recourse Is usually made 

to Iterative numerical solutions of Eq. (2.9).    Instead a different approach will 

be used for the leaky modes, which gives an approximate, yet accurate, solution. 

As discussed previously, the Integrand In Eq. (2.6) resonates for 

real values of   E   corresponding to the real part of   E .    Expanding the 

product   T+(E)T_(E)    using modulus and phase representations for the Airy 

functions (Appendix A) yields 

T+(E)T_(E) - C(E)G2(E) 

where 

62(E) » ß2s1n2x+ + s1n2x_ + 2ßs1nx+s1nx_cosA      . (2.15) 

The envelope   C(E)    Is a slowly varying function of the energy while   G     has 

resonances.    The various terms In Eq.  (2.15) are 

ß - M(w)N(E)/sN(w)M(E)      , 

t - ♦(£) - e(E)      ,      6 - ♦(w) - e(w)      . 

Xj • (x ± «)/2      . 

and 

X « 2e(q0) - ♦(w) - e(w) 

The M, N, 6, and + functions are the moduli and phases of the varlou: Airy 

functions and their derivatives. 

All the terms In Eq. (2.15) are slowly varying functions of E with 
2 

the exception of the angle x« Analysis shows that minima In G occur at 

those energy values E  where x ^ a negative multiple of 2« 

x(Er) « -2nm  ,  m • 1, 2, ... (2.16) 
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When   E » 0, the asymptotic expansions for the phase functions   e   and   4 

yield 

x(Er) ~ tr/2 - y qj - w ♦ I w% • - f - I (q* - *£) (2.17) 

and thus the eigenvalue condition Is 

i(qj.w^)        « - 3  [(Er + sV - E^] « 2ir(in - 1/4)      . (2.18) 
4       i        I 
3 '"o 

Er     3s' 

But, the phase Integral between the surface and duct bottom Is Just 

(Er - s^^dx - f (q* - w5*)      . **$$>*      (2.19) 
-v 

so the eigenvalue condition for highly leaky modes Is Just   J(E ) « ir(m - 1/4), 

or the usual WKB quantization condition.    Equation (2.17) In practice proves to 

be a good approximation even for small values of   E    , and Is used to solve 

Eq. (2.16) numerically. 

Once the real part   E     of the Regge pole Is obtained from the 
2 

extremum In   G   , the Imaginary portion   E,    is found from conservation 

of energy.   From the form Eq. (2.7),   E.   gives rise to an attenuation 

coefficient   a : 

Using the ray-equivalent to the leaky mode, a   is 

oL - - in[R(ein)]/D(em) (2.20) 

where   e     Is the surface grazing angle of the ray-equivalent defined by 

s1n2em - g+H(Er ♦ s3D)      , 
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R(em)   Is the reflection coefficient of the ray equivalent by the gradient 
discontinuity In refractive Index at the duct bottom, and where   D{e )   Is , m 

the ray's cycle distance.    The cycle distance   D(e )    Is given by t  *o .        ,« 

where   X   from Eq. (2.17) has been used. ^  «..     ^^^   ..     . N 
^^ K »"  .>•' 

The reflection coefficient   R(eJ Is found to be *   i*lir«^'1^ 

R{eJ « R(Er) - £±l±lL<*l!A±*l        t (2.22) 
m r       ß^ ♦ 1 + 2$ COS(«-A) «o M0^ 

of? 

with limiting values 

R- (1 ♦ s^Al +s)3  .  Er-0 

64 Er 

The results [Eqs. (2.18) and (2.20)] obtained for the leaky modes 
are suggestive of WKB formulas.   As pointed out by Furry, however, (Ref. 9) 
phase Integral  solutions for the bilinear profile are not strictly valid 
due to the non-analytic nature of the refractive Index profile.    In particular 
the phase Integral methods do not give the proper above barrier (E   > 0) 
reflection coefficient Eq. (2.22) arising from gradient discontinuities In   n 
at the duct bottom. 

2.5 EIGENFUNCTIONS 

Once the eigenvalues   E     are known, the virtual mode depth functions 
♦   ■ ♦U.EJ   are obtained from Eq. (2.4a) or Eq. (2.4b).    The latter can be mm 
simplified, by making use of continuity across the duct bottom, to 
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♦m(x) • ♦in(o)h1(p)/h1(E|n)      .     x > 0 (2.23) 

with   P " E
m 

+ x'    The normalization   N     is easily obtained from properties of 
the Airy functions and Eqs.  (2.4a) and (2.23) as 

% ' H / ^^ • \ [l + (1 + s3)4(o) JE (h'/h^l     . (2.24) 
yD s   L m J 

The calculation of   *     and   N     involves computing Airy functions of 
complex arguments (due to the complex nature of the Regge pole   E ), which tends 
to be time consuming.    Instead various approximations are used to significantly 
reduce the numerical calculations. 

2.5a TRAPPED MODES 

Trapped modes have imaginary components    E.   of the Regge pole that 
are small.   Since the virtual mode depth functions are analytic with respect to 
the energy, this suggests a Taylor series expansion about   E   " Re E     : 

♦(x.E) a ♦(x,Er)  + 1  Ej 3*(x.Er)/3E      . 

For »positions within the duct, this yields 

♦(x)~iBi(-nJ) [(Ai - a0AqrB1) ♦ 1 Aq^Ai'- a^Bi')] 
A 

'2 2 where   a   ■ ir Ai (-q*)  , tq ■ Aq   ♦ iAq^, and   q   ■ Er/s    - sx.    The squared 
amplitude is thus 

Mx)|2 ^ [(AI - a0AqrBi)2 + Aq2 (Ai' - a^Bi')2] (2.25) 
oos 

Strongly trapped modes have |Aq| «1 and therefore 
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|*(x)|2- -^ A12(l -a0Aqr B1/A1)2      . 

V 
(2.26) 

where the  Ai.BI are evaluated at qr» E /s   - sx. 

Similar considerations for the below duct region (x>0) lead to 

hjlp) ~ h^p^ + 1 E1h1'(pr)       ,     pr - x ♦ Er     ,      E1  « Im(E) 

and thus 

lUpJ + 1 E^jCp ) 
♦(x)~*(0)K[rE7TTT^Ty 

The squared amplitude of   u   then Is 

l*{x)|2~ k{o)|2 . -z-s-—T7^-\ i- 
M'f(Er) ♦ N^(Er)Ej - 2^/it 

where   ^(x) « A12(-x) + B12(-x), and    N2{x)   « Al^-x)2 + Bl^-x)2.    For 

those modes with    |Aq|« 1, this becomes 

2 2    ^^o  + x) 
k{x)|2~   |*(0)|2     —x^  

»no 
(2.27) 

The normalization   N_   Is 

Vi 1 ♦ (l+$3) ^(o) ipj 
and for well trapped modes becomes 
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N H Nnr;i 
0  0 

H 
(2.28) 

2 JL 
where   Wä ■ IE l/s   and   c « 4/3 w **. 

2.5b LEAKY MODES 

Leaky virtual modes have positive   E     with    E.    not small. 

Asymptotic expansion of the Airy functions with arguments In the sector 

|arg z| < 2/3 IT   yield for the In duct form (Eq. 2.4a) of   ♦ 

♦(x.E) -s"1^)^ [slnU - C0) - cosU - C0)5/72O 

where    c « 2/3 q    , c   ■ 2/3 q/* (|arg {q,q )|< 2/3 ir).    The squared amplitude 

of   ♦   Is then 

|*(x.E)|2 - s-2|qq J-,s |s1n(c - c) - cos(t - cJ5/72c|2 

- S-^qql^ |s1n(c - cJ|2      .      |c|  » 1 

or 

k(x)|2 - j s"2!^!'*1 (cosh 2Aci - cos 2Acr)      ,     x < o (2.29) 

With    AC ■ ACr ♦ 1  ACj   -  C -  C0. 

Below the duct, similar expansions are made for   h.(p)    In Eq. (2.23) 

to give 

hjfp) - A1(-p) - 1 BK-p) 

^^ p-^ e^1"'7^ (1 - 15/72t)  .  |p| » 1 

with p » E ♦ x, and t ■ tr ♦ 1 ti - 2/3 p^. 

2-15 



The squared modulus of   h.    Is 

.2 -2t 

IhjWr-ir p^e     1   |1 - 15/72t|2      . 

->,   "2t1 -w P ^ e     '      , (2.30) 

which leads to   V   having the form 

> 

1 

below the duct.    Note that since    Ei < 0 , Eq. (2.31) predicts an exponential 

Increase In the virtual mode amplitude with Increasing depth below the duct. 

This behavior Is In precise agreement with the numerical results of Pedersen 

and Gordon. 

2.5c TURNING POINTS 

The expressions for the virtual mode depth function    *     developed m 
thus far are based on large argument expansions of the Airy functions which 

fall near turning points (I.e., regions where   q   or   p   are zero).    However, 

*   Is an analytic function of Its arguments and thus can be expanded In a Taylor 

series about the turning point. 

Concentrating on the 1n-duct form [Eq.  (2.4a)] of   <* , a series 

expansion about the turning point Is    (q ■ E /s    - sx) 

♦m(x) - ♦(q) • ^ ♦ 9 ♦' 4 f. ♦■ * I- ♦- + ... (2.32) 

where   ♦   « ♦(q»o), ♦'   ■ >*(q»o)/3q, etc.    The series can be greatly simplified 

by using the differential equation satisfied by   ♦ 

a%/3q2 - - q* 

to yield 
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♦(q) ' ♦ot 1 - q3/3! ♦ 4q4/6! -  ...) 

+ q^ (1 - 2q3/4!  ♦ 10q6/7!  -  ...) (2.33) 

The depth function and Its derivative at the turning point are . 

♦ " cl s   [Bi("qo) ■ ^A,H>]       • (2-34) 

♦o " c2?   [B1(-qo) + ^ A1(-%)]       • (2-35) 

where    c, * A1(o)   and   c^'-AI'Co).    Separate asymptotic expressions for 
* , ♦'   are obtained depending on whether the mode Is trapped or leaky (I.e., 
depending on   q ). 

Trapped modes have   q     near a zero of   Al, and the perturbation 
expansion of Eq. (2.12) leads to 

'♦o'2 "-""T [(1 " ao ^ Aqr)2 + 3ao Aql] {2-36) 
Oos 

and 

C2(l ♦ a0 ^ Aq) 

0    0      Cjd - a0 /J Aq) r 1 

Similar results for leaky modes are obtained by using the complex asymptotic 
forms of   A1(-q )   and   B1(-q0): 

c- cos(cn - ii/12) 2   , 
^o-CiSln(c°Wl^     •     lo'\% (2'38) 

and 

\K\2~^rK\'h\^K**n2)\2   . (2.39) 
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For both trapped and leaky modes, the amplitude of   |f|     Is obtained 

from Eq.  (2.33) as 

Mq)|2~l*0l
2 (1 - q3/3!  +4q4/6!) 

♦ q~(l - 2q3/4!  ♦ 10q6/7!) 

NEAR SURFACE 

(2.40) 

2.5d 

Near the surface (x ~-D) the virtual mode depth function can be 

expanded In a Taylor series as was done for the turning point region 

2 
♦(q) • *{%) * Aq*'(qo) + ^_ ♦"(qo) ♦ ... (2.41) 

2 
with   Aq « q - q0   and   qo « E/s   ♦ sD   the surface value for   q.   At the 

surface   i>{<\0) * 0   and   ♦'(q0) ■ 1/s    so Eq. (2.41) becomes 

♦(q) « f4 (1 - q0Aq2/s3! - 2Aq3/s4! + ...) (2.42) 

where   Aq > q - q   * -s(x+D).    The amplitude of   f   is then 

|*|2^ (x+D)2|l - q0s(x+D)2/6 - s3(x+D)3/12 ♦ ...|2 (2.43) 

which displays the proper quadratic depth dependence and pressure-release 

condition at   x ■ -D. 

2.6 ROUGH SURFACE EFFECTS 

The presence of a non-planar ocean surface will modify the Regge 

poles   E     leading to a larger imaginary component.   The virtual mode Intensity 

decays with range at an Increased rate due to an additional attenuation term 

arising front rough surface scattering.    The resultant attenuation Is the sum 
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of the previously computed leakage term a  and the surface scattering term 
s a 

a « a + a 

The surface scattering term is found by applying energy conservation to the modal 

ray-equivalent interacting with the ocean surface. 

A ray-equivalent may be identified with each virtual mode through a 

surface grazing angle   e     defined by m « 

sin2em « {Er ♦ s3D)^0H)1' l'     p.-.w,»^        ci-x1©^ = gJ+^EtV^C») 

and a corresponding cycle distance   D(e ) tff*^ 

xl 
D(ein) - 2H cosern    f    [Er - QCx)]-*5 dx 

x,    is the upper turning point (real) of the mode and for leaky modes is taken 

as the duct bottom (x «0).    Each interaction of the ray-equivalent with the 

rough surface is treated as a specular reflection with corresponding reflection 

coefficient   RS(6m)'   The intensity decay with range is then modeled as a 

"loss per bounce" applied continuously over the ray's cycle distance, leading 

to 

s a - «"[«'(e,,)]/«.,) 

The rough surface specular reflection coefficient   Rs   Is computed 

as a function of frequency, grazing angle and sea-state from previous work by 

Spofford and Keenan.     ' Strictly speaking, the rough surface effects should be 

included as a modification of the surface Impedance condition and the Regge 

poles found In a self consistent manner.   The error made In adopting the present 

approach Is, however, consistent with present understanding of surface scatter- 

ing phenomena and within the approximation of replacing the true Index of 

refraction profile by the Furry model. 
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SECTION 3 

MODEL EVALUATION 

The virtual mode surface duct model described earlier was evaluated 

by comparisons with output from the parabolic equation (PE) code'    ' and the 

NOSC n-layer normal mode (NM) code.    The test environment was a bilinear n 

profile for a deep (1,000 foot) surface duct with a corresponding sound speed 

profile having a pressure gradient (~,018 sec' ) within the duct and a 

moderate (—  .1 sec" ) gradient below the duct.    The ocean was assumed In- 

finitely deep with a smooth, pressure-release surface and no surface loss. 

Incoherent transmission loss, for a monochromatic point source, was computed 

for a variety of source/receiver geometnes. 

Source frequencies of 25, 50. 100, 250, 500, and 1,000 Kz were 

considered which yielded propagation conditions corresponding to zero and 21 

trapped modes respectively.   This effectively simulated results for thinner 

ducts at higher frequencies.   Source-receiver combinations for all depth pairs 

between 250 and 1,500 feet in 250-foot Increments (21 distinct pairs) were 

chosen to cover a wide range of In-layer, cross-layer and below-layer geometries 

for the various source frequencies.    In total, 126 different frequency/geometry 

propagation scenarios were examined in the comparisons. 

Two types of surface duct model evaluations were made:    (1) Incoherent 

transmission-loss for all 126 scenarios, and    (2) Individual comparisons of 

modal attenuation coefficients and Intensity amplitudes. 

The transmission-loss evaluations were made by direct comparison of 

the virtual mode surface duct model results with those of the PE and NM codes. 

The PE code actually outputs coherent transmission-loss values, displaying 

characteristic interference features.    These oscillations were removed by 

Intensity averaging the PE output with an eight (8) nautical mile moving 

window to simulate Incoherent levels. 

The NM code. In addition to providing TL output, also output the 

Individual modes used In the TL calculation.    Modal attenuation coefficients 

and eigenfunctlon Intensity amplitudes were available for direct comparison 

with the surface duct model. 
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3.1 PE COMPARISONS 

The AESD PE code was run at six source frequencies (25, 50, 100, 250, 

500, and 1,000 Hz) and for six receiver depths (250, 500, 750, 1000, 1250, and 

1500 feet).    The PE code Is a finite depth ocean mcdel, requiring an absorbing 

bottom to effectively simulate an Infinitely deep ocean.    Tha bottom was placed 

at 8,000 feet for the 25 Hz run and at 2,000 feet for all other frequencies. 
p 

The FFT transform size used by the PE code was 2    for 25, 500, and 1,000 Hz 

runs, and 2    for the 50, 100, and 250 Hz runs.    Due to the use of a running 

Intensity average, PE results at ranges closer than 8 nautical miles are not 

reliable and are Ignored.    The PE code Implicitly includes the leaky as well 

as the trapped waves and thus provides a check on the validity of truncating 

the virtual mode spectrum after three leaky modes. 

Comparisons between the virtual mode surface duct model and PE are 

shown In Figures (3.1) to (3.36) for the various propagation scenarios.    Good 

agreement with the PE code is Indicated for within-, cross-, and below-layer 

geometries. 

The 25 Hz run had no trapped modes and the three lowest leaky virtual 

modes were Included In the virtual mode sum.    Good agreement with the PE results 

are seen for ranges exceeding 10-15 nautical miles.    Deviation between PE and 

model results for shorter ranges are possibly an artifact of the PE smoother 

and/or due to Insufficient terms In the modal sum. 

The 50 Hz run case corresponds to one trapped mode.   The PE code 

predicts a higher Intensity (by ~l-2 dB) at 50 nautical miles.   This is 

probably an artifact of the PE run due to the bottom being too shallow.   Such 

an effect occurred on earlier 25 Hz runs with shallower bottoms and arises from 

the non-rad1ation boundary condition used in the PE code.    The PE code boundary 

condition effectively forces an increase in the pressure field within the water 

column, leading to higher intensities, hence less TL.   Additional deviation 

between the PE code and the surface duct model occur at intermediate ranges 

(10 - 20 nm) where PE shows more loss.   This trend persists for other 

frequencies.    A plausible explanation for this, is phase cancellation leading 

to a deep null in this region.   Since the surface duct model is not designed 
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to compute phased TL, such differences are to be expected.    In any case, the 

maximum deviation Is ~2 dB. 

The 100 Hz runs exhibit the same general trends as the 50 Hz 

data, with the exception of much smaller offset at 50 nm. This Is due to 

the decreasing effect of the finite depth bottom used by the PE code, and a 

corresponding decrease In Intensity from "gnost" reflections off the bottom. 

The 250, 500, and 1,000 Hz runs can be grouped as a whole for 

comparisons.    Generally the agreement between PE and the virtual mode code 

Is good at longer ranges.    For short ranges (r £, 10 nm) possible spectrum 

truncation and/or PE smoother effects are noticed.    Medium (10^ r £, 25 nm) 

ranges exhibit a weak null In the PE results which is not seen in the virtual 

mode data.    This Is most probably caused by phase cancellation which the 

virtual mode model Is not treating.    For sources within the duct, the PE 

results display a characteristic interference with range that the smoother 

has not completely removed.    This effect is more pronounced with increasing 

frequency. 

A volume absorption loss term   a    , of the form   a   a .125 (f/lOOO)' 

dB/nm (f the frequency in Hertz), has been added to the virtual mode model 

results shown in Figures (3.1) to (3.36) to comply with the PE predictions. 
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3.2 NORMAL MODE COMPARISONS 

A more detailed evaluation of the virtual mode surface duct model 

was made by comparing the predicted modal longitudinal wavenumbers   X.   and m 
intensity amplitudes * with corresponding values computed using the NOSC 

n-layer normal mode code. The NM code was run with the same bilinear profile 

used by the surface duct model and the ocean modeled as Infinitely deep. Poth 

models (surface duct and NM) truncated the modal spectrum, hence near field 

TL values may be In error due to an Insufficient number of modes. The 

Imaginary part of A., Is related to the attenuation coefficient a  by 
m ro 

m mm 
The   X     computed by the virtual mode surface duct model agree quite 

well with the NM results:   relative error In    |Im(xm)| 1 10"1   and    iReUJI £, 

10' .    Agreement Is better for the trapped modes and gets worse for the strongly 

leaky waves.    However, the strongly leaky modes have large attenuation coef- 

ficients and contribute little to the Intensity at ranges greater than a few 

nautical miles. 

Intensity amplitudes   *     are close to the NM predictions with two 

exceptions.    First, the true   *     may exhibit deep nulls which are clipped In 

the surface duct model.   The second exception Involves deeply trapped modes 

where   i>     Is computed within or below the barrier.    In the NOSC NM code, m 
numerical difficulties In computing Hankel  functions lead to a modification of 

the bilinear profile.   The virtual mode model uses a different formulation of 

the   f's and avoids this problem.    Thus computed intensity amplitudes are 

expected to be lower than those predicted by the NM code.   This Is In fact 

observed. 

Detailed comparison of   X     for the surface duct model predictions 

and the NM code results are provided for 25, 100, and 500 Hz.   This corresponds 

to cases with zero, two, and eleven trapped modes, respectively.   The   x.   are m 
shown in Tables (3-1) with values In parenthesis being the NM results. 
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Table 3-1. Comparison of   X     ( NM results In parenthe: 

Node «.(»,) 
m   m 

*• 25 HZ •* 

3.126790 E-2 
(3.126250) 

3.492409 E-S 
(3.778848) 

3.087473 E-2 
(3.097519) 

2.877695 E-4 
(2.453416)  , 

3.015320 E-2 
(3.035346) 

•* 100 Hz •• 

6.646130 E-4 
(6.215050) 

.1254460 
(.1254452) 

3.310623 E-8 
(3.177127) 

.1252816 
(.1252807) 

4.514341 E-6 
(4.761233) 

.1251256 
(.1251152) 

3.782473 E-5 
(3.949632) 

.1248763 
(.1248825) 

1.075746 E-4 
(1.041099) 

.1245431 
(.1245658) 

1.917165 E-4 
(1.856100) 

•• 500 Hz ♦♦ " 

.6279464 
(.6279451) 

5.030603 1-33 
(0.) 

.6276678 
(.6276654) 

3.230407 E-27 
(0.) 

.6274396 
(.6274364) 

8.766610 E-23 
(0.) 

.6272378 
(.6272339) 

3.685180 E-16 
(0.) 

.6270533 
(.6270487) 

4.186859 E-14 
(3.466829) 

.6268813 
(.6268761) 

1.684570 E-13 
(1.430650) 

.6267190 
(.6267133) 

2.801780 E-ll 
(2.433916) 

.6265645 
(.6265582) 

2.104337 E-9 
(1.868979) 

.6264166 
(.6264097) 

7.414939 E-8 
(6.730201) 

.6262741 
(.6262668) 

1.181578 E-6 
(1.103277) 

.6261333 
(.6261259) 

7.110299 E-6 
(7.500457) 

.6259948 
(.6259753) 

2.163201 E-S 
(2.295352) 

.6258225 
(.6258053) 

4.323009 E-S 
(4.329292) 

.1256280 
(N/A) 

6.543505 C-S 
(H/A) 
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3.3     EVALUATION SUMMARY 

The surface-duct model transmission-loss (TL) results were found to 

be In good agreement with PE and NM computations for a bilinear test case. 

The virtual mode model predicted the proper frequency dependence of the TL 

and exhibited excellent performance In predicting the depth dependence of the 

TL for within-, cross-, and below-layer propagation geometries.    Compari   «n 

with the NM results shows good agreement for mode attenuation coefficients, 

giving the proper range decay of Intensity. 

The execution time of the surface duct model for the 126 scenarios 

was about 12 CPU seconds on a Digital DEC-10, Including loading and I/O.    For 

comparison, a CDC CYBER-76/175, or UNIVAC 1110 are approximately eight (8) 

times faster than the DEC-10, leading to projected execution times of ~2 

seconds - well within the time constraint of the FACT model. 

Deviations between model computed TL's and PE results are small 

(2 - 3 dB max) and generally occur at short ranges.   These ranges are 

within the direct-path regime and can be adequately modeled using ray theory 

as is presently being done in FACT.    Systematic deviations, not related to 

the surface duct model, are probably present In the PE data arising from the 

smoother and/or "ghost" bottom reflections.   In any event, larger variations 

in the computed TL are more apt to arise from use of the bilinear approxima- 

tion to the environmental Index of refraction. 
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SECTION 4 

SURFACE DUCT PROGRAM 

The virtual mode surface duct model described earlier has been 

Implemented Into a FORTRAN program suitable.for Inclusion Into the FACT model, 

The surface duct program Is written In ANSI standard FORTRAN-77, compatible 

with compilers on CDC, UNIVAC and DEC computers.    The surface duct model is 

designed to operate as a self-contained module needing only environmental 

specifications and desired propagation scenarios.    The virtual mode calcula- 

tions are automatic and require no Initial conditions from the user. 

The surface duct code Is configured as a main control sub-program, 

SDUCT, and six ancillary subroutines:    TRAPED, LEAKY, SHODE, AIRY, H1SQ, 

and REFLKT.    To facilitate use as a stand-alone module, a separate driver 

program DRIVER Is supplied which automatically calls SDUCT.   A FORTRAN 

source listing of the surface duct model and the stand-alone driver are 

provided In Appendix B. 

User Inputs to DRIVER are provided via free-format NAMELIST Inputs. 

The surface duct model Is configured to handle up to sly frequencies and six 

distinct source/receiver depths for a total of 6 x 21 « 126 distinct trans- 

mission-loss scenarios.    The surface duct program Is capable of using either 

metric or engllsh units and automatically adjusts outputs accordingly. 

Transmission-loss (TL) Is computed as a function of range, and optional debug 

flags allow Individual modal values of attenuation coefficient   a     and m 
Intensity amplitude   *     to be printed.    A sample execution, corresponding to 

m 
the deep duct test case used In Section 3, Is shown in Appendix C. 
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SECTION 5 

CONCLUSIONS 

The virtual mode surface duct model described In this report Is 

proposed as a replacement to the current FACT surface duct model.   The virtual 

mode model was compared with parabolic equations and normal mode calculations 

for a bilinear duct over a wide range of propagation scenarios and found to be 

in good agreement with each.   The virtual mode model  exhibited the proper 

frequency and depth dependence displayed by the PE code results.   Model execu- 

tion times are well within FACT constraints and no user Interaction Is required 

other than environmental Inputs and specification of frequency/depth scenarios. 

The major limitation of the surface duct model Is In approximating 

the environmental refractive Index profile by the Furry model, and future 

efforts should be directed toward removing this limitation.   Additional work 

In the area of surface loss mechanisms Is also warranted. 
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APPENDIX A 

EVALUATION OF TJ, 

For real arguments, the Airy functions are real valued hence the 

expressions for T+ and T_ [Eqs. (2.5)] are complex conjugates of one 

another and 

T4(E)TJE) - |T(E)|2 - ir|*'(o.E)h1(E) - ♦(o.E)h1'(E)|2  . 

Now i|»(o,E) and ♦'(o,E) are found from Eq. (2.4a) to be 

♦(o.E) - f [A1(.w)B1(-q0) - A1(-q0)B1(-w)]  , 

and 

♦ '(o.E) - 4ti|iÜ - w[A1'(-w)B1(.qo) - A1(.qo)B^(.w)]  . 

Since M and q  are positive for leaky modes, the Airy functions and their 
derivatives can be expressed In terms of modulus and phase as 

Ai(-w) - M(w)cose(w)  ,  B1(-w) - H(w)s1ne(w)  , 

and 

Al'(-w) - N(w)cos*(w) .  Bl'(-w) > N(w)s1n*(w) , 

with similar expressions for A1(-q0), B1(-qo). Thus 

and 

♦(o,E) • jM(w)M(qo) Sln[e(q0) - e(w)]  , 

♦'(o.E) • t M(q0)N(w) Sln[e(q0) - ♦(w)]  . 
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The function   hjU)   and Its derivative   h:(E)   are 

hjCE) - A1(-E) - 1 Bl(-E) •M(E)e-1e(E) 

and 

h;(E) • -[Al'(-E) - 1 Bl'(-E)] - -N(E)e"1*(E)      . 

Thus the expression for |T(E)|  becomes 

|T(E)|2 -^^(q^jsN^sln^q^ - ♦(w)]M{E)e-1e{E) 

♦ M(w)s1n[e(q0)- e(w)]N(E)e-1*(E)|2 

with the definitions 

6 • N(E)M(w)/sM(E)N(w)      . 

A • ♦(E) - e(E)      . 

6 - ♦(w) - e(w)      , 

x " **i%) • ♦(«) - e(w)     , 

and 

3^ • (x ± <)/2     . 

|T{E)|2 • «3M2(q0)M2(E)N2(w)G2(E) 

where 

62(E) ■ $2$1n2(x4) ♦ s1n2X- ♦ 20 slnx^slnx^cosA     . 
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APPENDIX B 

SURFACE-DUCT PROGRAM LISTING 

The following Is a FORTRAN listing of the virtual node surface 

program and stand-alone driver. 
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APPENDIX C 

SAMPLE EXECUTION 

The following Is transmission-loss (TL) output for the test case 
considered In Section 3. The values have been scaled by a factor of 10 and 
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